The continuous parametric pumping of a superconducting lossy QED cavity supporting a field prepared initially as a superposition of coherent states is discussed. In contrast to classical pumping, we verify that the phase sensitivity of the parametric pumping makes the asymptotic behaviour of the cavity field state strongly dependent on the phase θ of the coherent state |α = ||α|e iθ . Here we consider θ = π/4, −π/4 and we analyse the evolution of the purity of the superposition states with the help of the linear entropy and fidelity functions. We also analyse the decoherence process quantitatively through the Wigner function, for both states, verifying that the decay is slightly modified when compared to the free decoherence case: for θ = −π/4 the process is accelerated while for θ = π/4 it is delayed.
Introduction
Generation and control of arbitrary non-classical states of an electromagnetic (EM) field has been one of the most pursued problems in quantum optics [1] . Beyond the interest in their fundamental properties, with no classical counterpart, these states also have many prospective technological applications. Coherent states of EM fields (the closest ones to classical fields but not in the category of non-classical states) are produced in cavities by pumping with a classical source of light [1] . In addition, the non-classical squeezed states are available in a number of experimental setups [1] , they play a key role in the design of gravitational wave detectors [2] and for reduced noise information processing [3] . The quantum noise in one quadrature goes below that of a coherent state, so very weak signals such as gravitational waves could, in principle, be detected. Recently, a one-photon Fock state was generated in a microwave cavity by a quantum non-demolition measurement scheme through a resonant interaction between an excited Rydberg atom and the cavity [4] and Fock states for more than one photon (trapped states) were also generated in a microwave cavity experiment [5] . These states have strong potential for practical applicability in the scenario of quantum information processing, such as quantum communication [6] , computation [7] , and cryptography [8] .
Another kind of non-classical state which has attracted much attention is that constructed as a superposition of the coherent states, because it is quite adequate for analysing the phenomena of relaxation and decoherence (loss of nondiagonal terms in the density operator) when mapped into a phase space function (Wigner or Husimi functions). Recently, these kind of superposition states were recognized as having potential practical applications, in that they could be used as a new tool for information encoding in terms of continuous variables [9] . The superposition of coherent states (when the field is intense they are commonly known as Schrödinger cat states) was generated in a superconducting microwave cavity and their time of decoherence was measured in [11] . Many papers discuss the usefulness of the cat states [12, 13] and also experimental schemes for reducing the decoherence effect. In a recent paper we described the time evolution of a quantum field state in a lossy superconducting cavity under the continuous action of a classical pumping field [10] . We have shown that the interplay between dissipation and the pumping field takes, asymptotically, any initial state of the cavity field into a coherent state. Despite the fact that the classical pumping field supplies energy to the cavity, compensating the lost energy to the environment, it cannot compensate for the destruction of the interference terms of the initial density operator, i.e. the pumping does not prevent the decoherence of an initial superposition state. However, when a scheme consisting of the combined action of classical pumping and atoms interacting dispersively with the cavity field, is considered, then the initial energy and coherence of the field can be partially restored [10] . The pumping supplies energy to the cavity and the atoms reconstruct the coherence in a measurement process. The essential reason why it is impossible to rebuild the cavity field coherence is due to the fact that the coherent state phase is not sensitive in terms of the classical pumping.
In this paper we pursue the cavity field coherence program [10] [11] [12] 14] , obtaining the time-dependent field state for a dissipative cavity under continuous parametric pumping, which is well recognized to introduce phase sensitive amplification [15, 16] . Here we show that such a process presents interesting features related to some special symmetric initial conditions of the field state when viewed in the phase space configuration. The decoherence is slightly affected by such a two-photon pumping, being delayed or accelerated depending on the initial condition of the cavity field (θ = π/4, −π/4) and also on the strength of the pumping. This paper is organized as follows: in section 2 we present the formal description of the degenerate parametric pumping of a dissipative cavity and solve the Heisenberg equations of motion for the photon creation and destruction operators. In section 3 we analyse the conditions for generating specific states, such as squeezed and squeezed vacuum states and the coherence properties of the evolved state when the field is prepared in a superposition of coherent states. In section 4 we analyse the cavity field quantitatively calculating the linear entropy and the dynamical fidelity function, that we introduce here, since they are quite useful in singling out a dynamical process among the many others involved; we also use the Wigner function (WF) to analyse pictorially the cavity field evolution. In section 5 we present a summary and concluding remarks.
Phase sensitive pumping
Coherent states of the EM field can be generated in cavities by a classical source, while cat states (superposition of coherent states) require nonlinear optical processes for creation. In the latter case the use of a nonlinear crystal was proposed in [17] , but due to the low efficiency of this process no experiment was reported. Some new achievements regarding nonlinearities have been reported recently as a possible source for the generation of superposition states [18] . However, to our knowledge, the only experiments where the construction of cat states were attained was in QED superconducting cavities in the microwave region of the EM spectrum [11] and also in ion traps [19] . In the former case, their generation is already well described in [10, 12, 14, 20] , and some further interesting considerations are treated in [21] .
For the description of the field generated in a lossy cavity by a specific phase sensitive pumping field at frequency ω and amplitude F , we include in the Hamiltonian the standard coupling of the cavity mode to an infinite set of harmonic oscillators, standing for a thermalized reservoir. Thus, the full Hamiltonian is composed of several terms:
where
H F stands for the cavity field, H R for the reservoir modes, H I for the field-reservoir interaction and H P for the parametric pumping. As usual, a(a † ) is the annihilation (creation) operator for photons in the cavity; the set {b k }({b † k }) stands for the annihilation (creation) operators for the kth mode of the reservoir. The frequencies ω 0 , ω k and ω are for the cavity field, kth reservoir mode and parametric pumping, respectively. Finally, κ denotes the amplification parameter of the parametric pumping.
The Heisenberg equations for the field and reservoir operators reaḋ
Writing
in equation (4) we geṫ
Considering the Wigner-Weisskopf approximation and under the resonance condition (ω = 2ω 0 ) (calculation details are found in the appendix), the solution of the Heisenberg equation for the field annihilation operator is
where the c-number functions u(t), v(t), w k (t) and z k (t) are given by
and
with κ 2 = κ 2 − ( ω) 2 and γ the dissipation rate parameter of the cavity field. Here ω is a small frequency shift defined in the appendix. For | ω| κ, κ ≈ κ, so equations (9)- (12) become
Field state representations
Here we derive the cavity field state in terms of quasiprobability distribution functions. Using the solution for the Heisenberg equation for the field operator, the normal ordered characteristic function is given by
n is the mean photon number of the reservoir, and
In equation (17) the summation goes over the i and j indices of the initial field state,
describing the superposition of two coherent states, where is a normalization constant. The Glauber-Sudarshan P -function is defined as the double Fourier transform of the normal ordered characteristic function [22] . For the characteristic function (17) the Pfunction is given by
Since the P -function is a generalized function and not a regular one, it is not adequate for 'visualizing' the field state. However, the WF is because it is a smooth and well-behaved function whose domain is the phase space. The WF is calculated as a convolution of the P -function with a Gaussian function. Considering equation (22) we get
As we started with a general Gaussian state it is easy to analyse the pumping field effect and dissipation looking at the WF. Equation (23) tells us that when the initial state is a coherent state α 1 = α 2 = α, the pumping field compresses one of the quadratures of the cavity field, generating a squeezed state. When α = 0 it generates a squeezed vacuum state. For the case α 1 = α = −α 2 and α = 0 the density operator of this particular superposition is
For the reservoir at 0 K the functions A and B in equation (23) simplify to and
As a reference state we write down the WF for the free decoherence (absence of pumping, κ = 0) and the reservoir at 0 K:
Three regimes of pumping have to be considered in (23), the critical regime (κ = γ /2), where the pumping rate compensates exactly the dissipation rate, the sub-critical regime (κ < γ/2), and the supercritical regime (κ > γ /2). Due to phase sensitivity of the parametric pumping, a compression axis appears (in polar coordinates, α = |α|e iθ ) at θ = π/4. So, the original rotation symmetry (Uρ C (α)U † = ρ C (α ), where α = αe iχ and U = e iχa † a ) of the state (25) is lost. To analyse the cavity field behaviour we consider two different initial conditions, θ = π/4 and −π/4, that are adequate to clearly expose the phase sensitivity to the parametric pumping.
Field state analysis
A good quantitative estimate of the state evolution is obtained by calculating the linear entropy, that gives a measure of the state purity, and the fidelity function, defined as a projection (overlap) of the evolved state onto the initial one, giving a measure of how close they remain as time goes on. 
Linear entropy and the fidelity function
The linear entropy can be written in terms of the WF W (ζ, t). From equation (23) we get
and the fidelity function is defined as
In figures (i) The decoherence time: this is the time it takes for the nondiagonal terms in the WF (23) to become negligible, when the curves reach S ≈ 0.5 in figures 1 and 2. As expected this time becomes shorter as |α| 2 increases. In figure 3 one verifies that the decay rate of the nondiagonal terms of the density operator is sensitive in terms of both the phase θ and the value of κ (where S ndiag ≡ Trρ 2 ndiag , restricting the sum in equation (23) to i = j ). The phase θ = π/4 keeps the state coherence for longer times than for θ = −π/4. Compared to the free-decoherence case (κ = 0, full curve) the decoherence process is delayed (θ = π/4) or accelerated (θ = −π/4), depending on the parametric pumping κ (a quantitative analysis is made below). These effects are enhanced by increasing the value of κ. (ii) The relaxation time is the time the linear entropy S takes to attain the asymptotic behaviour. Qualitatively, for both phases, θ = π/4, −π/4, S shows that after decoherence the cat state goes, asymptotically, to a stable mixed state which is the (pure) vacuum state, only when κ = 0. From figures 1 and 2 we note that the smaller the factor 2κ/γ the faster the asymptotic state is attained. For θ = π/4, figure 1, there is a point of inflection at γ t ≈ 1-2, reflecting the competition between relaxation and amplification. The phase sensitivity of the pumping slightly delays the relaxation process and the state is continuously squeezed along the π/4 axis (figures 6(a)-(c)). For θ = −π/4 squeeze also occurs along the π/4 axis, figures 7(a)-(c), thus the squeezing axis does not depend on the initial state.
The way in which the evolved state runs away from the initial state is better understood with the help of the fidelity function F depicted in figures 4 and 5. For θ = −π/4, figure 5 , the initial state changes more slowly than for θ = π/4, figure 6 , where the fidelity is higher for 2κ/γ = 0.4 (critical damping).
We have seen from the linear entropy that the choice θ = −π/4 is less favourable for keeping coherence. But, from the fidelity function analysis it seems that this same condition θ = −π/4 is more favourable for keeping the initial state identity, which leads to a conflict between linear entropy and fidelity. We thus observe that the important ingredient in the present analysis is the relative orientation of the initial cat state with respect to the direction of the squeezing (π/4) provided by the parametric pumping.
It is worth remembering that the fidelity function as introduced in the literature [12] , does not distinguish between different dynamical processes. We shall see that the mentioned contradiction occurs because the true fidelity of the evolved state is somehow disguised and this can be made more evident at the critical regime (2κ/γ = 1) where part of the motion is frozen. The usual definition of fidelity is no longer appropriate and must be reviewed for analysing the initial state degradation. Thus, a dynamically selective fidelity function is defined below and used to analyse the field state.
The dynamic fidelity function
We introduce the dynamic fidelity function (DFF) that generalizes the usual fidelity function, as being the overlap between two states that evolve dynamically following two different dynamical processes, having in common the same initial condition. The DDF is defined as
t)W r+p (ζ, t).
(31) The state r+p (t) evolves dynamically from an initial state undergoing relaxation and parametric pumping. The state p (t) evolves under pumping but without relaxation. Our main motivation for introducing (31) is that even if pumping changes the cavity state, by squeezing it, it does not change its coherence property, and in the absence of the reservoir the original cat state should become a squeezed cat state. For near-resonance classical pumping and absence of dissipation (γ = 0) an initial cat state is destroyed, becoming a coherent state [10] ; in contrast, under the same conditions, the parametric pumping maintains the cat state indefinitely, but squeezing it as time goes on. Its Wigner distribution is given by
and In figures 6 and 7 we depict equation (32) for |α| 2 = 5 at chosen times. Figures 6(a) -(c) stand for θ = π/4 and figures 7(a)-(c) stand for θ = −π/4. The squeezing effect in the field state should be noted. Following this point, the dynamical fidelity for the pumped state is given by 
Note that the squeezing goes along the π/4 axis and evidently it is independent of the symmetry of the initial state represented in phase space (WF).
In figures 8 and 9 we depict the DFF for |α| 2 = 5 and several values of 2κ/γ and θ = π/4, −π/4, respectively. Again, the condition θ = π/4 is the more propitious for delaying the decoherence process, compared to the other case, θ = −π/4. For θ = π/4 the larger the value of 2κ/γ the slower will be the decoherence. Compare figure 8 with 4: in the former the DFF does not decrease monotonically as it does in the latter, which does not mean restoration of the initial state, but shows a greater overlap between the Wigner functions of the evolving states.
Critical pumping regime
Let us now consider the critical pumping regime (κ = γ /2). In polar coordinates α = e iθ |α| and ζ = |ζ |e iϕ and for the initial condition θ = π/4, the WF, equation (23), is given as
and for θ = −π/4 it is
where the functions A, B and S are now written as
The dependence of the diffusive process on the phase θ , equation (23) is squeezed while that along direction −π/4 is stretched. For the θ = −π/4 case the interference is suppressed more rapidly than in the θ = π/4 case, but the former shows an interesting feature: the long time remaining as a classical cat state (a mixture of two non-overlapping squeezed Gaussian states)
Asymptotically, as t → ∞, both distributions, equations (37) and (38), go to the same configuration as shown in figure 12 . However, for θ = π/4 the asymptotic configuration is attained more rapidly than for θ = −π/4. In the latter case the two bumps remain distinguishable for a much longer time.
The decoherence factors that enter the nondiagonal terms in the Wigner functions for the parametric pumping with θ = −π/4, linear pumping and parametric pumping with θ = π/4, respectively, present the following inequalities:
where x ≡ γ t. This shows that θ = π/4 (θ = −π/4) delays (accelerates) the decoherence with respect to the case of classical linear pumping. Note from (43) that for θ = −π/4 the decoherence time, 1/(6|α| 2 γ ), is three times shorter than those for linear pumping and parametric pumping with θ = π/4, up to first order in x. Comparing the last two terms in (43), they differ only in the second-order expansion of x in the exponents: x(1 − x) and x(1 − x/2), respectively. This quantitative discussion is supported by figure 3. In brief, under the parametric pumping mechanism the phase space interference pattern for an initial cat state, characterized by the angle θ, is best preserved if this angle coincides with the squeezing direction (see [24] [25] [26] [27] [28] ).
Summary and concluding remarks
In continuation to a previous work [10] , where a cat state of the EM field trapped in a lossy cavity (with damping constant γ ) was subject to classical pumping, in this paper we consider the behaviour of the cat state now under parametric pumping with the amplifying factor κ. We analyse the decoherence and relaxation processes from the exact time evolution of the cat state through the behaviour of the fidelity and Wigner functions.
We verified that the parametric pumping, well known to produce phase sensitive squeezing, delays or accelerates the decoherence of the superposition of two coherent states (cat state), depending on specific values of the phase θ (of the coherent state ||α|e iθ ) and the pumping parameter κ, in comparison with the case of free decoherence or under classical pumping. According to the relation between the damping and amplifying parameters, three regimes for the evolution of the cat state are possible: sub-critical (2κ < γ ), critical (2κ = γ ) and super-critical (2κ > γ). In particular, in the critical regime, for θ = π/4 (θ = −π/4) the decoherence process is slightly delayed (accelerated). However, as shown in figure 3 , this process can be enhanced by increasing the strength of the pumping in the super-critical regime. The partial efficiency for coherence control by parametric pumping is due to the fact that whereas the phase θ of the cavity-field state and parametric pumping κ are selected (thus generating a compression axis), the coupling of the cavity field with environmental modes, inducing decoherence, has a random phase distribution.
During evolution the rotational symmetry in the phase space of the initial superposition state is destroyed. Asymptotically, the cat state becomes a mixture of coherent states, but is continuously squeezed. We recall that the fluctuations introduced by dissipation inhibit the squeezing at the scale of relaxation times. However, this fact does not invalidate our present analysis since we are concerned with decoherence that takes place at much shorter times.
Since the usual fidelity function, equation (30), does not permit one to single out the evolution of the cat state due to the reservoir, we have introduced the dynamic fidelity function, defined as the overlap of the fully evolved state (pumping plus environmental effects) with the evolved state without environment. This new function is more elucidating when two dynamical processes are involved. At the critical pumping regime, 2κ = γ and the initial condition θ = −π/4, despite the diffusion process, the Gaussians do not run away from their initial position, but the suppression of coherence occurs more rapidly than in case of free decoherence, followed by a state compression. This process defines a mixture of a squeezed cat state or classical cat state.
The advent of potential applications for a quantum state to be used as a qubit for quantum computation and information makes the control of the decoherence time a crucial ingredient for attaining the best fidelity between input and output signals. Thus the analysis presented here is meant as a contribution for handling the decoherence times with parametric pumping.
is the damping constant and
